Let G be a finite group of Lie type. In order to determine the character table of G, Lusztig developed the theory of character sheaves. In this framework, one has to find the transformation between two bases for the class functions on G, one of them being the irreducible characters of G, the other one consisting of characteristic functions associated to character sheaves. In principle, this has been achieved by Lusztig and Shoji, but the underlying process involves some scalars which are still unknown in many cases. The problem of specifying these scalars can be reduced to considering cuspidal character sheaves. We will deal with the latter for the specific case where G = E 7 (q), and q is a power of the bad prime p = 2 for E 7 .
Introduction
Let G be a connected reductive algebraic group over the algebraic closure k = F p of the field with p elements (for a prime p). Assume that G is defined over the finite subfield F q of k, where q is a power of p, so the F q -rational points on G constitute the corresponding finite group of Lie type G(q) = G(F q ). The theory of character sheaves, due to Lusztig [23] - [27] , provides a general procedure by which the problem of determining the character table of G(q) can be tackled. Character sheaves are certain geometric analogues to the irreducible representations of G(q), and they give rise to class functions on G(q), called characteristic functions. Lusztig ([21, 13.7 ], [27] ) conjectured that any such characteristic function coincides up to multiplication by a non-zero scalar with an appropriate almost character of G(q), that is, an explicitly known linear combination of the irreducible characters. Then he provides an algorithm to compute the characteristic functions, at least in principle ( [27, §24] ). While Lusztig's conjecture is still open in general (see, e.g., [34] ), it has been proven by Shoji ([41] , [42] ) under the assumption that the centre of G is connected. Even in this case, however, the scalars relating characteristic functions of character sheaves and almost characters need to be specified. Following [28, §3] , this task can be reduced to considering cuspidal character sheaves, by means of an induction process for these objects which leads to a parametrisation of the character sheaves on G, rather analogous to Harish-Chandra theory for irreducible characters of G(q).
It therefore seems reasonable to consider the individual quasisimple groups of Lie type separately. In those cases, [22] combined with [23] - [27] , see also [41, §7] , [42, §5] , provides a classification of cuspidal character sheaves. We will be concerned with unipotent character sheaves on G, that is, the subset of the character sheaves on G corresponding to the unipotent characters of G(q) due to Deligne-Lusztig [5] .
For classical groups of split type, Shoji [43] , [45] has shown that the characteristic functions of cuspidal unipotent character sheaves coincide with the corresponding almost characters. As far as exceptional groups are concerned, this statement is only partially verified. E.g., for groups of type F 4 , it has been proven by Marcelo-Shinoda [37] for those cuspidal character sheaves whose support contains unipotent elements, in all characteristics. (In type F 4 , any characteristic, every cuspidal character sheaf is unipotent.) The particular case F 4 , p = 2, is in fact complete, as the respective identities for not unipotently supported cuspidal character sheaves have been verified in [11, §5] .
Moreover, by a result of Geck [11, Proposition 3.4] , the computation of the scalars relating characteristic functions of unipotent character sheaves and unipotent almost characters can be reduced to the base case p = q. This is particularly useful in small characteristics, as one might hope to settle such cases via direct computations, e.g. by applying computer algebra methods. Several concrete examples are considered in [11] , such as the above-mentioned F 4 , p = 2, as well as the split adjoint group of type E 6 in characteristic 2, where the problem is solved for all cuspidal character sheaves (there are two of them, and both are unipotent). Note that, in either of these cases, the character table of G(2) is known. However, it is also conjectured in [11, 6.6 ] that an analogous statement will hold for the adjoint groups of type E 6 in good characteristic, even though the character table of G(p) is not known here. Finally, [16] deals with E 6 , p = 3 (both split and non-split).
In this paper, we shall investigate the case where G is a simple Chevalley group of type E 7 over k = F 2 , defined over F q , q a power of 2. There are two cuspidal character sheaves on G, and both of them are unipotent [26, Proposition 20.3] . After singling out a specific normalisation of the characteristic functions of these character sheaves, we show that they coincide with the corresponding almost characters of G(q). In order to achieve this, we will, as in [16] , consider the Hecke algebra associated to G(q) and apply a formula in [10] which gives a relation between the characters of this Hecke algebra and the principal series unipotent characters of G(q). However, we will need to take into account some more theoretical machinery than in [16] . This identification of the characteristic functions of cuspidal character sheaves with the respective almost characters immediately determines the values at the regular unipotent elements in G(q) of the two cuspidal unipotent characters and of the two principal series unipotent characters corresponding to the two irreducible characters of the Weyl group of degree 512. More information on character values at unipotent elements is provided by Shoji's and Lusztig's algorithms [40, §5] , [27, §24] for the computation of Green functions (as defined in [5] ). While these algorithms in general involve some unknown scalars, they have been determined for our case recently in [12] .
1.1. Notation. Let G be as before and let F : G → G be the corresponding Frobenius map, so that G(q) = G F = {g ∈ G | F (g) = g}. Throughout, we fix an F -stable Borel subgroup B ⊆ G and an F -stable maximal torus T ⊆ B. Denote by W := N G (T)/T the Weyl group of G. Since T is F -stable, N G (T) is likewise, thus F induces an automorphism of W which we shall denote again by F . Next, let U := R u (B) be the unipotent radical of B. Then B is the semidirect product of U and T (with U being normal in B).
We will be concerned with characters of G F in characteristic 0. As usual in the ordinary representation theory of finite groups of Lie type, we consider representations and characters over Q ℓ , an algebraic closure of the field of ℓ-adic numbers, for a fixed prime ℓ different from p. Thus given a finite group Γ, let CF(Γ) be the set of class functions Γ → Q ℓ and denote by
the standard scalar product on CF(Γ), where bar denotes a field automorphism of Q ℓ which maps roots of unity to their inverses. Let Irr(Γ) ⊆ CF(Γ) be the subset of irreducible characters of Γ. They form an orthonormal basis of CF(Γ) with respect to this scalar product. If Γ = G F , we denote by Uch(G F ) ⊆ Irr(G F ) the subset of unipotent characters, that is, those ρ ∈ Irr(G F ) which satisfy ρ, R w = 0 for some w ∈ W. Here, R w is the virtual character defined by Deligne and Lusztig in [5] .
Character sheaves
Let G and F : G → G be as in the introduction. For simplicity, we assume that F induces the identity on W. We begin by very briefly introducing some notions of the theory of character sheaves (only those which are relevant for our purposes), following [23] - [27] , [29] , [32] .
2.1.
Denote by DG the bounded derived category of constructible Q ℓ -sheaves on G, and by M G the full subcategory of perverse sheaves on G in the sense of [1] . M G is an abelian category. The character sheaves on G are defined ([23, 2.10]) as certain simple objects of M G which are equivariant for the conjugation action of G on itself. We fix a set of representativesĜ for the isomorphism classes of character sheaves on G. Given A ∈ DG, let F * A ∈ DG be the inverse image of A under the Frobenius map F . Suppose that F * A is isomorphic to A and choose an isomorphism ϕ : F * A ∼ − → A. Then ϕ induces linear maps ϕ i,g :
is the stalk at g of the ith cohomology sheaf of A, a Q ℓ -vector space of finite dimension. The characteristic function χ A,ϕ : G F → Q ℓ associated with A (and ϕ) is defined by (see [24, 8.4] )
This is well-defined since only finitely many of the H i g (A) (i ∈ Z) are non-zero. In the case where A is a G-equivariant perverse sheaf, we have χ A,ϕ ∈ CF(G F ). If, in addition, A is a simple object of M G, then ϕ (and, hence, χ A,ϕ ) is unique up to a non-zero scalar. Denote bŷ
the F -stable character sheaves inĜ. The following is one of the main results of [27] , which we can now state without any restriction on the characteristic in view of [32] . 
The required properties for the isomorphisms ϕ A : F * A ∼ − → A (formulated in [27, 25.1] , [25, 13.8] ) determine ϕ A up to multiplication by a root of unity. Sometimes, for A ∈Ĝ F , it will be convenient to just write χ A for a characteristic function associated to the character sheaf A, without referring to a specific isomorphism ϕ A : F * A ∼ − → A. Whenever we do this, we tacitly assume that χ A = χ A,ϕA for a(ny) chosen isomorphism ϕ A : F * A ∼ − → A which satisfies these properties.
2.
3. An important subset of the character sheaves on G are the so-called unipotent character sheaves (as the name suggests, they will provide a geometric analogue to the unipotent characters of G F ), defined as follows. For w ∈ W, let K w := K L0 w ∈ DG be as defined in [23, 2.4] with respect to the constant local system L 0 = Q ℓ on T. An element ofĜ is called a unipotent character sheaf if it is a constituent of a perverse cohomology sheaf p H i (K w ) for some i ∈ Z, w ∈ W. We denote bŷ
the unipotent character sheaves inĜ. We also set (see [25, 14.10] )
an element of the subgroup of the Grothendieck group of M G spanned by the character sheaves. Denote by ( : ) the symmetric Q ℓ -bilinear pairing on this subgroup such that for any two character sheaves A, A ′ on G we have
Finally, there is the notion of cuspidal character sheaves on a connected reductive group, see [23, 3.10] . By [23, Proposition 3.12], any cuspidal character sheaf on G has the form IC(Σ, E )[dim Σ], where "IC" stands for the intersection cohomology complex due to Deligne-Goresky-MacPherson ( [15] , [1] ), Σ is the inverse image of a conjugacy class under the natural map G → G/Z(G) • , and E is a G-equivariant irreducible Q ℓ -local system on Σ, such that (Σ, E ) is a cuspidal pair for G in the sense of [22] . We set
This gives rise to an inductive description of (unipotent) character sheaves, rather analogous to the one of irreducible (unipotent) characters of G F in terms of Harish-Chandra series. Let L ⊆ G be a regular subgroup ([18, 7.2]), that is, an F -stable closed subgroup of G which is the Levi subgroup of some (not necessarily F -stable) parabolic subgroup P of G.
is a semisimple perverse sheaf on G, all its simple direct summands are character sheaves on G, and any character sheaf on G is a simple direct summand of ind G L⊆P (A 0 ) for some L ⊆ P as above, and some A 0 ∈L • . (In fact, for the latter statement it is enough to consider standard Levi subgroups L of standard parabolic subgroups P. We will use this in 3.5 below.) Moreover, A 0 is unipotent if and only if some (or equivalently, every) simple summand of ind G L⊆P (A 0 ) is unipotent ( [23, 4.4, 4.8] ). In this way, the character sheaves on G correspond to irreducible modules for the endomorphism algebras (in M G) of various induced complexes as above, using the respective Hom functor (see [24, §10] ). [33, 3.8] , [41, 5.9] ). Let L ⊆ G be a regular subgroup, which is a Levi complement of the parabolic subgroup P ⊆ G. Assume thatL •,un is non-empty and fix some A 0 ∈L •,un . Then the endomorphism al-
Parametrisation of unipotent characters and unipotent character sheaves
In this section, we assume that the centre of G is connected and that the map induced by F on W is the identity. In 3.5 below, we will further restrict to the case where G is the simple adjoint group of type E 7 . There are two natural ways to give "parallel" parametrisations of unipotent characters of G F and of unipotent character sheaves on G. We will see however that they are compatible in the case of E 7 .
3.1. According to [21, Main Theorem 4.23] , Uch(G F ) can be classified in terms of the following data, which only depend on W, and not on p or q. First, Lusztig describes a partition of the irreducible characters of W into families. To each such
. Given a family F ⊆ Irr(W), let F ֒→ M (G F ) be the embedding defined in [21, 4.14] . Setting
we thus have an embedding
Then there is a bijection
such that for any ρ ∈ Uch(G F ) and any φ ∈ Irr(W), we have
Here, ∆(x ρ ) ∈ {±1} is a sign attached to ρ ∈ Uch(G F ), see [21, 4.21] . The bijection (3.3) is not uniquely determined by this property. In the case where G is of type E 7 , we will make a definite choice in Remark 3.6 below. Next, for x ∈ X(W), a unipotent "almost character" R x ∈ CF(G F ) is defined by
We then have R φ = R x φ for any φ ∈ Irr(W). Since the "Fourier matrix" Υ :
It follows that
In particular, knowing the values of the unipotent characters of G F is equivalent to knowing the values of the R x for x ∈ X(W).
3.2.
On the other hand, by [27, Theorem 23.1] combined with the cleanness results in [32] , the set X(W) in (3.1) also serves as a parameter set forĜ un . Namely, there is a bijection
such that for any x ∈ X(W) and any φ ∈ Irr(W), we have
Here,ε K = (−1) dim G−dim supp K for any complex K ∈ DG, and supp K is the Zariski closure of {g ∈ G | H i g K = 0 for some i ∈ Z} ⊆ G. Once again, this property does not uniquely determine the bijection (3.6). For G of type E 7 , we will fix a choice in Remark 3.6.
With these notions we can formulate the following theorem of Shoji, which verifies Lusztig's conjecture under the assumption that G has connected centre. As mentioned in [11, 2.7] , this holds without any conditions on p, q, since the cleanness of cuspidal character sheaves is established in full generality ( [32] ). Remark 3.4. In general, any irreducible character of G F has a corresponding almost character, and the set of all these almost characters is an orthonormal basis for CF(G F ) ([21, §4]). Shoji formulates and proves Theorem 3.3 for the characteristic function of any F -stable character sheaf and the respective almost character. Determining the character table of G F can thus be reformulated to solving the following two problems (see [30] ):
(a) Computing the values of the characteristic functions of F -stable character sheaves;
(b) Determining the scalar relating the characteristic function of any F -stable character sheaf with the corresponding almost character. (b) can be reduced to considering cuspidal (F -stable) character sheaves, via the induction process for cuspidal character sheaves mentioned in Section 2, see [28, §3] . On the other hand, Lusztig [27, §24] shows that (a) can be reduced to the computation of "generalised Green functions" and he provides an algorithm to compute those functions (refining an earlier algorithm of Shoji in [40] ), although it involves some unspecified scalars which are still not known in all cases. We will briefly describe this algorithm in the next section.
3.5.
We assume here that G is the simple adjoint group of type E 7 over the field k = F p , defined over F q , q a power of p, with corresponding Frobenius map F : G → G.
With respect to this G, T ⊆ B ⊆ G and W are as in 1.1. These choices determine the set of roots R ⊆ X(T) = Hom(T, k × ), as well as the positive roots R + ⊆ R and the simple roots Π := {α 1 , . . . , α 7 } ⊆ R + . We choose the order of α 1 , . . . , α 7 in such a way that the Dynkin diagram of E 7 is as follows:
W can be viewed as a Coxeter group of type E 7 with Coxeter generators S = {s 1 , . . . , s 7 }, where s i denotes the reflection in the hyperplane orthogonal to α i . We will describe the parametrisations of Uch(G F ) andĜ un in terms of Harish-Chandra series, following Lusztig [33, §3] . (Note that all the results in loc. cit. hold whenever G/Z(G) is simple or {1}, and we will implicitly use this below as far as subgroups of G corresponding to irreducible subgraphs of the Dynkin diagram of type E 7 are concerned.) To any Coxeter systems, see [17] , [19] .
From now on we shall fix, once and for all, a square root
Now consider ρ ∈ Uch(G F ). By [19, 3.25, 3.26] , there exist J ⊆ S and a cuspidal unipotent character ρ 0 ∈ Uch(L F J ) such that ρ, R G LJ (ρ 0 ) G F = 0. (For J ⊆ S, we denote by L J the unique Levi complement of the standard parabolic subgroup P J := BW J B ⊆ G such that T ⊆ L J , and R G LJ is Harish-Chandra induction.) After having chosen √ p in (3.8), there is a natural isomorphism between the endomorphism algebra End Q ℓ G F R G LJ (ρ 0 ) and the group algebra Q ℓ W S/J (in analogy to 2.4; note that W S/J is isomorphic to W G (L J )). Hence, among the constituents of R G LJ (ρ 0 ), ρ is naturally parametrised by some ǫ ∈ Irr(W S/J ) (see also [21, Corollary 8.7]). Moreover, denote by λ ρ the eigenvalue of Frobenius of ρ (as defined in [21, §11] ). Then we have λ ρ = λ ρ0 ∈ S • WJ and the assignment ρ → (J, ǫ, λ ρ ) gives a well-defined bijection
In particular, the cuspidal unipotent characters correspond to the elements of S • W . On the other hand, let A ∈Ĝ un . By 2.3, 2.4, there exist J ⊆ S, A 0 ∈L •,un J , such that A is a simple summand of ind G LJ ⊆PJ (A 0 ), and A is parametrised by some ǫ ∈ Irr(W S/J ). Furthermore, to A is associated a root of unity λ A by means of a certain "twisting operator" defined via Shintani descent, see [41, 1.16, Theorem 3.3] . Another definition of λ A is given in [33, 3.6 ]. Then we have λ A = λ A0 (see [41, 3.6] ), and this is an element of S • WJ . The assignment (J, ǫ, λ A ) → A gives a well-defined bijection S W ∼ − →Ĝ un . In particular, the unipotent cuspidal character sheaves correspond to the elements of S • W . Remark 3.6. We keep the setting of 3.5. In particular, Z(G) is connected and F acts trivially on W. Recall from 3.1, 3.2, that the bijections Uch(G F ) ∼ − → X(W) and X(W) ∼ − →Ĝ un are not uniquely determined by the conditions (3.4), (3.7), respectively. We will now make a definite choice following [21, 11.2] , see also [6, §6] .
Consider an element x = (g, σ) ∈ M (G F ) ⊆ X(W). If F contains the irreducible characters of W of degree 512, and if x is not in the image of the embedding F ֒→ M (G F ), we setλ x := ζσ(g)/σ(1), where ζ is a primitive fourth root of unity in Q ℓ . In any other case, letλ x := σ(g)/σ (1) . Then it turns out that the bijection (3.3) can be chosen in such a way that λ ρ =λ x ρ for any ρ ∈ Uch(G F ), and it is almost uniquely determined by this condition along with (3.4), the only ambiguity arises from the two elements of Irr(W) of degree 512. This can be removed as follows. We have a natural embedding Irr(W) ֒→ S W , φ → (∅, φ, 1). Then we require that the embeddings Irr(W) ֒→ S W ∼ − → Uch(G F ) and Irr(W) ֒→ X(W) ∼ − → Uch(G F ) coincide. This does not interfere with our choices above, in view of [21, Proposition 12.6] , and it uniquely specifies the bijection Uch(G F ) ∼ − → X(W). Now let A ∈Ĝ un and let (J, ǫ, λ A ) ∈ S W , ρ ∈ Uch(G F ) be the elements associated to A in 3.5. By [33, 3.10], we have ρ,
Hence, the assignment x ρ → A gives rise to a bijection X(W) ∼ − →Ĝ un satisfying (3.7). Thus we can and will from now on always assume that the bijections Uch(G F ) ∼ − → X(W) ∼ − →Ĝ un in 3.1, 3.2 are chosen in this way. In particular, the following diagram is commutative.
The generalised Springer correspondence
In this section, G may be assumed to be an arbitrary connected reductive algebraice group over F p , as in the introduction. We will focus on those character sheaves whose support contains unipotent elements. In [27, §24] , Lusztig provides an algorithm for computing the values of their characteristic functions in principle, using intersection cohomology complexes [22] . Further references for the following are of N G into non-empty subsets. The elements in a given τ −1 (L, O 0 , E 0 ) can be distinguished as follows. The triple (L, O 0 , E 0 ) gives rise to a semisimple perverse sheaf K (L,O0,E0) ∈ M G defined as a certain intersection cohomology complex in [22, §4] , see also [24, §8] . Then for any ι = (O ι , E ι ) ∈ τ −1 (L, O 0 , E 0 ) there is (up to isomorphism) exactly one simple direct summand A ι of K (L,O0,E0) which satisfies
, and each simple direct summand of K (L,O0,E0) arises in this way from some ι ∈ τ −1 (L, O 0 , E 0 ), see [22, 6.5] , [27, 24.1] . On the other hand, the endomorphism algebra A := End M G K (L,O0,E0) is isomorphic to Q ℓ [W G (L)] ([22, Theorem 9.2]). Thus the isomorphism classes of simple direct summands of K (L,O0,E0) are naturally parametrised by Irr(W G (L)). Hence, we obtain a bijection (4.1)
which is called the generalised Springer correspondence. Up to a few minor ambiguities, it is explicitly known in all cases ( [22] , [36] , [46] , [35] ) and electronically available in CHEVIE [38] .
4.2.
Let us now bring the F q -rational structure on G into the picture, see [27, §24] . The Frobenius map F : G → G acts naturally on both N G and M G via
it is also clear that F acts on W G (L) and, hence, on Irr(W G (L)), by L) ) be the respective subsets of fixed points under these actions (where, in terms of the local systems, this is only meant up to isomorphism). The generalised Springer correspondence (4.1) is compatible with the above actions, thus it induces a bijection [27, (24.2. 2)]), and for any g ∈ O F , the induced map ψ ι,g : 
The references for the proof in [27] are as follows. (a) is (24.2.7), (b) is (24.2.9) combined with (24.5.2) and (c) is (24.2.10), (24.2.11) . Note that the restrictions (23.0.1) on the characteristic of k can be removed since the cleanness of cuspidal character sheaves has been established in complete generality [32] . Lusztig [27, 24.4] provides an algorithm for computing the p ι ′ ,ι in Theorem 4.3, which entirely relies on combinatorial data. This algorithm is implemented in CHEVIE [38] and is accessible via the functions UnipotentClasses and ICCTable.
Remark 4.4. In the setting of 4.1, let us fix a triple (L, O 0 , E 0 ) ∈ M G and consider the complex K (L,O0,E0) ∈ M G. By [22, 4.5] , we have a canonical isomorphism
is a cuspidal character sheaf on L. In particular, since the definition of K (L,O0,E0) does not involve the choice of a parabolic subgroup with Levi complement L, this shows that ind G L⊆P (A 0 ) is independent of P, and we can just write ind G L (A 0 ) instead. Next, as the elements of M G are taken up to Gconjugacy, we may assume that L is a standard Levi subgroup of some standard parabolic subgroup P of G (compare 3.5), that is, there exists some J ⊆ S such that P = P J = BW J B, and L = L J is the unique Levi complement of P J containing T.
5.
The scalars ξ x for cuspidal A x in E 7 , p = 2
The notation and assumptions are as in 3.5, and in addition we set p := 2. In particular, G has trivial centre and we can apply Theorem 3.3. So there are scalars ξ x ∈ Q ℓ such that
Since R x , R x = 1 = χ A , χ A for any x ∈ X(W), A ∈Ĝ un , we know that ξ x ξ x = 1 for any x ∈ X(W). In this section, we determine the scalars ξ x for the cuspidal (unipotent) character sheaves A x , after having chosen specific isomorphisms F * A x ∼ − → A x for the corresponding x ∈ X(W).
5.1.
By [26, Proposition 20.3] there are two cuspidal character sheaves A 1 , A 2 for G, and both of them lie inĜ un . Their support is the unipotent variety G uni ⊆ G consisting of all unipotent elements in G. This variety is the (Zariski) closure of the regular unipotent conjugacy class O reg , which is the unique class of all x ∈ G with the property dim C G (x) = rank G = 7. In particular, O reg is F -stable. Denote by u i = u αi (1 i 7) the closed embedding k + → G whose image is the root subgroup U αi ⊆ U. We set
. Then A(u 0 ) is a cyclic group of order 4 generated by a 0 (see [39, §4] and [7, 14.15, 14.18] ), and the automorphism of A(u 0 ) induced by F is the identity. Hence, the elements of A(u 0 ) correspond to the G F -conjugacy classes contained in O F reg (see, for instance, [9, 4.3.6] ). In particular, there are 4 such classes and every irreducible
reg (defined only up to G F -conjugacy) represents the G F -conjugacy class corresponding to a. If a is the trivial element of A(u 0 ), we will always assume that the representative for the corresponding G F -conjugacy class is u 0 . Thus {u a i 0 | 0 i 3} is a set of representatives for the G F -conjugacy classes inside O F reg . Singling out the element u 0 ∈ O F reg as above gives rise to specific isomorphisms ϕ Ai : F * A i ∼ − → A i with respect to the two cuspidal character sheaves A i ∈Ĝ un (i = 1, 2), as follows. Let E i be the F -stable irreducible G-equivariant [27, 24.1] , we have
Using [27, 25.1] , the ϕ Ai may thus be chosen in such a way that, in particular, for any u ∈ O F reg , the induced map E i,u → E i,u is given by scalar multiplication with √ q 7 times a root of unity. We can therefore modify the ϕ Ai by a root of unity, if necessary, such that the induced map on the stalk E i,u0 is just scalar multiplication with √ q 7 , and this uniquely specifies our choices for 2) . Denoting by ϕ Ei : F * E i ∼ − → E i the restriction of ϕ Ai , we then simply have
The latter function can be computed explicitly, as described in [31, 19.7] . Namely, assigning to a local system E on O reg its stalk E u0 at u 0 gives a bijection between the isomorphism classes of F -stable G-equivariant irreducible local systems E on O reg and F -invariant simple Q ℓ [A(u 0 )]-modules. For i = 1, 2, let σ i ∈ Irr(A(u 0 )) F be the character corresponding to the local system E i on O reg . The σ i are the two injective irreducible characters of A(u 0 ). We number the cuspidal character sheaves A i (and, correspondingly, the E i , σ i ) in such a way that σ 1 (a 0 ) = ζ, σ 2 (a 0 ) = −ζ, where ζ is the primitive fourth root of unity in Q ℓ chosen in Remark 3.6. Using the cleanness results in [32] , χ A,ϕA vanishes outside O F reg . Hence, for g ∈ G F , we obtain g / ∈ O F reg g = u 0 g = u a0 g = u a 2 0 g = u a 3 0 χ A1,ϕA 1 (g) 0 q 7/2 q 7/2 ζ −q 7/2 −q 7/2 ζ χ A2,ϕA 2 (g) 0 q 7/2 −q 7/2 ζ −q 7/2 q 7/2 ζ
We can now formulate the result.
Proposition 5.2. In the setting of 5.1, let x 1 , x 2 be the elements of X(W) such that A i = A xi , i = 1, 2. (A xi is given by the parametrisation (3.6) , which is uniquely determined by the requirements in Remark 3.6.) Then we have R xi = χ Ai,ϕA i for i = 1, 2.
In other words, with the choices for ϕ Ai :
The proof will be given in 5.4, 5.5 below. We start with the following simple observation.
Since k has characteristic 2, we can argue completely analogous to any constructive proof for the conjugacy of Coxeter elements in a Coxeter group (e.g. [3] ) to see that u 0 is conjugate to u −1 
{x,
{x, x 2 }ρ x .
(Note that ∆(x 1 ) = ∆(x 2 ) = −1, see [21, 4.14] .) Since the character field of the two cuspidal unipotent characters of groups of type E 7 is non-trivial ([8]), we must have ρ x1 = ρ x2 . In view of Lemma 5.3 and since {x,
which also equals R x2 (u 0 ) (using once again Lemma 5.3). We deduce ξ x1 = ξ x2 = ξ x2 and thus ξ x1 = ξ x2 ∈ {±1}, since ξ x2 ξ x2 = 1.
5.5.
In order to determine the sign ξ := ξ x1 = ξ x2 ∈ {±1}, we want to apply a formula in [10, 3.6(b)], as in [16] . However, we will need more theoretical ingredients than in [16] , most notably the generalised Springer correspondence (see Section 4) . We consider the Hecke algebra of the group G F with its BN -pair (B F , N G (T) F ), that is, the endomorphism algebra
("opp" stands for the opposite algebra). H has a Q ℓ -basis {T w | w ∈ W}, where
for w ∈ W. Recall from 3.5 that S = {s 1 , . . . , s 7 } is a set of Coxeter generators for W. Denote by ℓ : W → Z 0 the length function of W with respect to S. Then the multiplication in H is determined by the following equations. 
for any g ∈ G F and w ∈ W, whereẇ ∈ N G (T) F is a representative of w, O g ⊆ G F denotes the G F -conjugacy class of g and Tr(T w , V φ ) is the trace of the linear map on V φ defined by T w . In particular, we have
The character table of H is contained in CHEVIE [13] , so the numbers Tr(T w , V φ ) are known. We want to apply (5.3) with g = u 0 to get hold of the sign ξ. In order to achieve this, we thus need some information about the values ρ φ (u 0 ) for φ ∈ Irr(W). By (3.5) and (5.1), we have [22, 15.2] . Following the notation of [2, p. 482], we denote by ǫ 1 ∈ Irr(W G (L)) the irreducible character of W G (L) ∼ = W (B 3 ) of degree 1 which is not the trivial or sign character and whose restriction to W (A 2 ) is the trivial character. Then, among the simple summands of K (L,O0,E0) , ǫ 1 describes the character sheaf A (Oreg,−1) . Let x ∈ X(W) be such that A x ∼ = A (Oreg,−1) , and let F ⊆ Irr(W) be the family for which x ∈ M (G F ). Then, for φ ∈ F , we have ρ φ (u 0 ) = y∈M (G F ) {x φ , y}R y (u 0 ) = {x φ , x}R x (u 0 ).
Using the notation of [2, p. 482], we obtain ρ φ120,4 (u 0 ) = −ρ φ15,7 (u 0 ) = −ρ φ105,5 (u 0 ) = 1 2 R x (u 0 ). Now, considering the two characters φ 512,11 , φ 512,12 ∈ Irr(W) of degree 512, we see that ρ φ512,11 (u 0 ) = {x φ512,11 , x 1 }ξχ Ax 1 (u 0 ) + {x φ512,11 , x 2 }ξχ Ax 2 (u 0 ) = ξq 7/2 , ρ φ512,12 (u 0 ) = {x φ512,12 , x 1 }ξχ Ax 1 (u 0 ) + {x φ512,12 , x 2 }ξχ Ax 2 (u 0 ) = −ξq 7/2 . Here, Tr(T w , V φ120,4 ) − Tr(T w , V φ15,7 ) − Tr(T w , V φ105,5 ) = 0, so we get
which is only true in case ξ = +1. This proves Proposition 5.2. where u ∼ u a means that u lies in the G F -conjugacy class corresponding to a ∈ A(u 0 ) as described in 5.1.
